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P(X) = {AJAC X} OO0 power set of X
<a,b> = {{z}, {z, y}} 00O ordered pair of x and y
KTy, Ty > = << Tp,Tpoq >, Ty > 00 ordered n-tuple
XxY = {<z,y>|zeX, yeY}
- t 00 (if there is one and only one t for which < s,t >€ r)
s = ¢0 0 (otherwise)
g[C] : image of C under a mapping g
dom(g) : domain of a mapping (or relation) g

000000 (relation) 000 (mappaing )00 000000000000 00O0O0OrCAxBOODO
O00rDOrelation 0O0O00DOODOO0O0 <z,y>r000000 000000 z0y000000
000000000 f0 AUO BOOOUO (mapping )0000000O00OO0OOOOO

f € Ax B,0 and for each x € A there is exactly one y € B such that < z,y >€ f O
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2 UJoooogdo
2.1 FILTER

OO00000DoO0o00DOoO0Ofiter 0000 fiter 00DOO0O0OO0ODOOOODODOOODOO

Definition 2.1.1 0 J00000000000FCPUI) 0000000 3000000000FO IO
Ofiter 0000000

1. AeFFACB — BEF,

2. ABeF — ANBEF,

3. 0¢ F,I€F

Definition 2.1.2 O 7100 filter F O ultrafilter 000000000000 OOOOOOOO0O
FCF), Fiisafilter — F=F

[0]O00000000 FOfiter D0OO0O0O0O000OO0O0O0D00OO0OO ultrafilter 0000000

1. /I0000000OoOoIoDoDoOoooOOOOOOOO0 F

21000 10000000 20000F={ACIze A}

O000Oultrafilter 000000000 DOOO0DOODODOO

Theorem 2.1.3 0 Fy O JO0O fiker DO OO0OO0O00O0O0700O ultrafilter FO F DO F, OOO0OO0O0OO
ooo

[proof] & ={G D F|GO I00 filter} 0000000 CO0O0D0O000000000000000O0O
0000000000000000000000 fitee000000000000000 Zorn’s Lemma O
06000000000000000000 ultrafiter FOODODOO0O0000

Definition 2.1.4 0 GCP() 00000000 DO0O0O0O GO filter basis OO O OOODO
1. ¢¢G

2. G#£ ¢
3. ABeG — ANBed

Theorem 2.1.5 0 GO I00 filter basis OO O O0O0O0O0O0OOGC FOOOO 100 filter FOOOOOO

[proof] F = {A C I|[A D C forsomeC € G} 000000 FOODDOO GOOO0OO0ODOO0OO
00 FO filtee 000000 fitee 00000000000(1)A€ F,AC BOOOOOFOOOOO
CCADDGOOCOOOOOOBD2ADCOOOOBE FOOOO(RA,Be FOOOOOODO
1,0, €G,CLCAC,CBODNDC,C,00000CNC,eG0ANBDC,NC,000ANBEF
D000@B)G#£¢00000 GO0 COOO0D000CCIOONIeFO000¢¢GO00¢2COM0
0GO0CO000000000 ¢¢I0(MO000D0)

gogo200000000000000
Corollary 2.1.6 O GO 100 filter basis OO OOGC FOOODO 100 ultrafilter FOOOODOO

goo ultraﬁlterl]DDDDDDDDDDDDDDZDDDDDD



Theorem 2.1.7 0 100 filter FOOOOOOD 4000000000
1. F O ultrafilter

2. ACI — AeForA°ecF

3. AUBeF — Ac€F orBeF

4. AqyU---UA, e F — Aj € F for some j.

0] 0oooO0o0o0o

2.2 SUPERSTRUCTURE and UNIVERSE

O00Osuperstructure 1 D00 0000000000000 O0O0OOIndividualsOO0O SO 100000
gooosooooo0OooomooOoOooooOooobo sgogooooooooooooooogoo
oo sSoRrROOOO

Definition 2.2.1 0 00000000 SO superstructure with individuals S 0000

So = S
Sit1 = SiUP(S:)

S = s

€N
SOO00 individual0 S — SO0000000O00

Definition 2.2.2 O AQS'D SOO000 trapsitive 0000000000000 OO00OO
reA-—SOand0yer — yeA

Definition2.2.10000 SOO000O000SO0000000O000O0O0D « 00000000000
gbobooboobooobooboboobooboooobooooooobooonog

Theorem 2.2.3 0 SO00000O00O00O0O0DOOO
lL.zeS—S — Pa)el

2.x€§—S,ygx — yeSs

3.xES—S,xﬂS:¢ — y:UzES’

z€x

4. a1,-ax €S — <ay, - -ap >€ SO andl]{al,~--ak}€$’
5. x17~-~xk65’—5 — xlu---kaES'

6. X,YeS—-S — XxYeS
7.X,Ye$-S, f:X -YO0OOOOOOOOODOOO

(a) feS
b)) aeX — fla)es
(c) ACX — f]A]eS



8. ,JVeS—S0jeJO000X,eVO0000000D0

(a) UXjES

JjeJ

(b) J X, € SO
jeJ

9.reS,seS — r[ses

Definition 2.2.4 0 SO0000 V0000000000 U O universe (with individuals S) 00 OO
1. €U
2. 5CU
3.z,yeU — A{z,y}teU
4. U is transitive in S.
gboboobooaobooaboooooon

Theorem 2.2.5 0 O
rnsell — <rs>cU0andU r[seU
[proof] transitivity OO < r,s >= {{r}, {r,s}} = {{r,r},{r,s}}0r[s=¢ or <s,r[s>cr000000

0D0O0SOD00 universe 0000000000000 DO00DDO standard universe 0 00000000
O O ultrfilter 0 O O 0 O O nonstandard universe D0 OO0 000 universe 0000000007000
O000O0OFO 100 ultrafiter 00000

0000 neNOUOOO Z, 0000000 fOODODOOCODOOOOOO

f:I— S0 and0 {del|fse S} eF

00000000 OoDoooDooom/OD0D00000 d000000D00000O0DO00n f;€ .8, ae O
000000000 a.e. d almost everywhere 0 0000
oooooooo z,000
Z:UZn

neN

00000 Ostandard universe S0 00000000000 Z00000000000000000r€e S
O000OO0rg=r(foralldeI)0000000 (000 ZO0OOOO)0OUOOOOUOOOOOOOOO

O000f,ge z,O0O0OO fa=9gqae.000000f~¢g0O00OD0ODO0ODODO ~0 Z,0OOOOO0OO00O00O0O0OO
Zy0 ~00000W =2,/~0f00000000 f0000000000000f={g€ Zylg~ f}, W=
{flf €2, 00000MO0000 WOOOOOOOOx,yeS,x#y0000000z#y0000
000 zeSOOO0O0OZzeWOOOOOOODODODOSOWOOOOOO SCwWOooOoooOo
O0zeSO0OOO0OO0z=20000WDOOOOOOSOOOOOODODOODODOODOOODOIO FOOO
00000000 I=NF=(NOUOOOOODOOOODOOOO filter OO ultrafilter ) 00000
fi=d(forallde N)ODDOD feWwWnDOSOOOOO0OMm

d DDWDDsuperstructure with individuals W O 0000000 00O O nonstandard universe W O
000000000 feZ, 0000 feWw, 000000000000 Z 000 f000 few,000
ooo0o0oO0O0o0o0fe ., —2Z;0000 fO00000000g000000O00O0OO

g € Z;0 and O gg € fq a.e.
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000 feW,,, 0000000000000 O00OD0O ZO00OO0O0OO fewOOOOOOfe Z OO
Ofew, 0000000000 W ={f|feZ}0000000 nonstandard universe 0000 (000
0000 wniverse 100 000000000)000000000000O0O0S00 0000 70000
W 0D 0O standard elementd 0 000 000 O nonstandard element 0000000 WODOOODOOOW
00000000 internalD0 00000000 external 0000 OOO

0000000000 00D00000O00D0OO

Theorem 2.2.6 0 f,gecZ000000000000OO
1. fe g0 if and only if O f4 € gq a.c.
2. f=g0 if and only if 0 f; = gq4 a.e.

[proof] 00000000 fiker 0000000000000 DO0O0ODOOOOO

0000 WO wniverse 0000000000

Theorem 2.2.7 0 W is a universe with individuals W.

[proof] universe J000O000000(1)¢e S, CZ 0006 ecWOOOODODOOOODOOOOO 10
O0000000000¢=¢. QW CWODOOOO (3)% geWOOOOOOODO hg = {zq,yq} € Z1
00 A00000000z,y€h000000keh00000kg € {24,yq} a.e. 0000000 Dultrafilter O
00 (Theorem 2.1.7) 0 0 Oky = xqa.e. or kg € ygae. D000 00k=Zor . 00000{z, 5} =ke W.
(4) O transitivity 00000000000

0000000000000 0000000000000000 [0D)oD0000O00O0O0
Theorem 2.2.8 00 f,ghe Z0000000000 20000000

1. h=<f,g>0 ifand only if 0 hg =< fg4, gq > a.c.

2. h= f[g0 if and only if O hg = fi[ga a-e.

2.3 LANGUAGE
universe U 000000000 language £, 00000000000 O0O0DOOOO
L =¢6-&3,(), <, > [,
2. variables ( z,y,z,-+ , 1, Tg- - )
3. constants (constants 0 U DO OODOO 10 10000000)

0000L 00000000 expression 1000000000000 0OO0 termOformula000000O0O
oooooOuvoobooDOoDbo gyooo g0OoDoOo

Definition 2.3.1 0 expression p 0 £0 term 000000 000000000 py,---,u, (0000
w,=p)000000000¢=1,2,---n0000000000000O0O0OCOOOO

1. p; O variable.
2. p; O £0 constant.

3. i = < 4, ux > where jk<i (00 ="0£0000=00000000000000D0)

4. p; = (pj[pr) where 5,k < i



000 100 variableOOOODO term O Oclosed term OO0 0000 Oterm p 0 x4, ---2, 0 00O variables
O0000000000000O0w(z, ---2,) 00000000 4, -+ -2, 000 constants by,---b, 00
O00O0OdOoDoOo0O0 closed term OO 0O

Definition 2.3.2 O expression a0 £0 formula000000000000000 aq,---,a, (00O
Oa,=)000000000:=1,2,---n00000000000O0O0O0OOOOOOOOOOO

1. a;=(p =v) 0O where p and v are terms of £

2. a;=(p € v) O where p and v are terms of £

3. a;=-a; O where j <1

4. ;= (0 &ay)0 where j,k <

5. a;=(Iz; € p)ayD where k < i, and p is a term of £ in which x; doesn’t occur.

formula 00000 variables 00 003000000000 0O0OObounded variableD OO OO0OOOO
free variable 00 00O 0O OO0 free variable 00 0 O O formula O O sentence 0 0O 0 O O O O formula «
Oz, -2, 000 free variables 00 0000 0term D0 0000000000000 0a(xy, ---2x) O
0000000 xq, ---x, 000 constants by,---b, OO0 O O0O00000OODO sentence 0000

O00Oclosed term O sentence 0 U OO0 D000 O0O0OO0OO0OOOOODOODODOOOO0OOODOO closed
term 0 UOO0O00O |y 00000DUOOOOOOOO0OOOOOOO |p000D

1. p0constant b0 OO 0010 100000 0UO0OOODOOOOOOOODOOOO bDDDDWU:b.
2. | <pv >y =<|plu,vlv >

3. [(u[)lv = (lululviv)

O00teemO0000000O0O0O0O0O0O0OOODOOOOO
O00O0OO0Osentence 0000000000000 0O0O0OOU Ea«OOODDOO

1. Uk (p=v)00000 |ply =|»/y000000000000000000000000MMO
2. Uk (pev)00000 (july) € (vly) 000000
3.UE-00000UEe0000O0O0O0

4. Uk (a&pf)00000UEeDD UEpAOIOOOOO

5. U= (3u; € pa(e;) 00000 Uk ale) 000 ce|py.0000000000000

000 foromula00000000000000000000O0U Fa000OwistrueinU 000000
DDDElDDU};EaDDDDaisfalseinUDDDD

Definition 2.3.3 0 ACU 0000 AD definable (0 O 00O O definable subset of U) 00000 £y O
formula a = a(x) 000000
A={beU|U E a(b)}

gooooooooo



oo0o0o00oOoooopooyv, —, <, VOOOooooooooooooo foomula000O00OO0OOO
000000000000 00000(@U0OU00UE«OOUODOOODODOOOOUOOOODOOOOOOOn
O0000oO00o0ooOoooooooon)

(avp) = —(-a&=p)
(a—=p) = (&)
(@=p) = (= B)&(8—a)
(Vo € pa = —(Fz; € p)-a

24 LOS’ THEOREM

£=L4 *£=L; 00000000000 temOO0000]u, |¢.000000000000XDO £
O formula (or term) 00000000000 *£0 formula (or term) *A00A0000000O00O constant
bOOWObODO £0 constant b0 DO0D0DO0O0DO0ODOOOODNOODObMO b00language O
constant [0 universe 00 0 20000000000000000M0O0OODO0OOOANOOO0OOCODOO
constant 0 individual OO O0OOOO*A=A0000

Theorem 2.4.1 O p(xy,---2,)0 £0 termO g, ---g" € Z, g = [*u(g,---¢g")|. 00000000

9a = (g, g3)| ae.

[proof] tem 000000000000 OCODODOOOO ("0 <*"0O0O00OO0OOOOOUOOOOO

Corollary 2.4.2 O p(xq,-x,) 0 £0 termOgl,---g" € Z00 d€ I00000hg = |u(gh, - g7)| O
goobgoooobooon

heZO andOh=|"u(g", - g")|.

[proof] OO0 he€ZzOOOOOOG = |*ulg,---g")|, 0000 Theorem 2.4.1 00 g4 = hgae. 0000
Theorem 226 00 h=gO00000000Ae Z0O0D0000term 0000000000 DOOOOO

Theorem 2.4.3 (Los’ theorem) O
a=a(ry, 2,0 £0 foomulad gt,---¢g" € Z0000000000000000

* =*a(gl,---¢g™) 0 if and only if O = a(gl, - g7) ae.

[proof] «00OOO0OO0O* -"0 &"0 3”000 kK00D00O0OOOODOOO
[k=00000a=(u=v)or (pev)00O0O00O0O]
O00a=(u=v)0000*x=(*p»="v) 0000 Theorem 2.4.1 0 Theorem 2.2.6 00O
*E*algl,---gn) Oifand only if O [*u(gl,---g")|. = ["v(gL, - g™)l.
0 if and only if O [u(gy, -+ gi) = lu(gy, - gi)| ae.
O if and only if O = a(gl, - g7)ae.

goooooobon* =0 e"b0oboobooboooobooboooooboan
k>00000a=-08,a=(8&y),or afzy, - x,) = (Fz € p(z, - x)) Bz, 21, x,) 00 O]
gooooooboooog, 000000000 ODOOOOOO
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*E*a(gl,---gn) Oifandonly if0 * B *B(gL, - g
O if and only if O F B(g), - g%) ae.
O ifand only if O = a(g),---g7)

(000)a = (B&y) 000

“E=ra(gl,---g") O ifandonly if 0 * = *A(g!

g
0 if and only if O |= B(g}, - gf})ae and = (g5,---g4) ae
O ifand only if 0 = a(g),---g7) a.e.
(DDD)a(xl,--~xn):(3x€ (z1,- 2n)) Blz, 21, 2,) OO0
000" | *algl, - g"), h —|u(g, --’n)| 0000D0* 00000000 geWwOOoOOOO

3 and* 83,61,
Theorem 2.2.60 000000000
ga € hqae. = B(ga,95 - 9%) ae.
00O Theorem 2.4.10 00 hg = |p(gl, -+ g2)|ae. 000000
= algg, - gi) ae.

0000 Ea(gl, gt ae000000hg=|u(gl,---¢g7) 00000 Corollary 242 000h € Z, h =
[*u(gt,---¢g")|, 000000000 O00O0O00ODOD ¢,000000

[gq € hg and = 5(9dagcll» - gq)]ae.

OO00000Od Theorem 2.2.6 000

ooooog

0Dooo(ooooo)

000 n=00Los’ theorem OO0 OO0OD0OOOOO0O
Corollary 2.4.4 (transfer principle) 0 o0 £0 sentence 000 000000000000

*E*aO if and only if O | «

Definition 2.4.5 0 AD definablesubset 0000000 A0 £0 formulaa00000A = {be S| = a(b)}
000oo0oooooooooADOOOO*AOO
A= {beTW|* | ad)

gooood
[0] DO0O00O welldefined 00000 0000000000 OOOOOOO
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Corollary 2.4.6 0 r0 reS—SO0000000 rO definable 00 *r = 7.
[proof] £0 formula a(z) D000a(z)=(x=r) 0000000000000

00O standard universe S(O 00000 UODOO000000a(z) = (z=2) 0000 definable O O
O000*U={beW|*}=(b=>0)}=WOOOO*U O nonstandard universe W 0000000000
SO0 0000000000 000000000*:00000000D0000D0O00 *zx=2=20
0000000000000 0000000000000000O00000O000OO00[O]OO0O

Theorem 2.4.7 0 ACSOOOO0O0OOOO0OAC*AO andd *ANS=A0000
Theorem 2.4.8 0 z,y cUOODOOOOOOOOOOOOOO

1. =y 0O if and only if O *x = *y

2. x € yO if and only if O *z € *y

3. F <z, y >=<"z,"y >

Theorem 2.4.9 0 A, B0 definable subsets of UD 0000000000 O0OOOO
1. *(AUB)=*AU*B
2. *(ANnB)=*AN*B
3. *(A—-B)=*A—-"*B

Corollary 2.4.10 O *¢ = ¢, *{a1, --ar} = {*a1, - *ax}

Theorem 2.4.11 O *U = U *(S5)
ieN

Theorem 2.4.12 0 feUO0O000C Cdom(f)D000OO*(f[C])=*f[*C]0O0O0
O00formula0 000000000 O0OD0OO0ODOODOODOOODODOOOOOOODOODOO
1. Xisaset :aq(X)=(X=9¢)V (Tr e X)(z=2x)
2. XCY : (X, Y)=ay(X) & (V)& (Ve € X)(z €Y)
3. Z=XxY:(VzeZ)Fr e X)TyeY)(z=<z,y >)&NVz e X)(Vy € Y)3Fz € Z)(z =< z,y >)
4. fmaps X into Y : ay(f, X,Y) = (a1 (X)&aq (V)& (f)&
VMte flBze X)FyeY)t=<z,y>)& Vre X)(VyeY)(<z,y>c f - y= f[z))
5. fmaps X onto Y : au(f, X, Y)&(Vy € Y)(Fz € X)(y = f|x)
oobobooobooobooboobon

Theorem 2.4.13 0 A, BcU, ACBOOOOO*AC*BOOOO
Theorem 2.4.14 0 Be U, Ac*U, AC*BOD0D000Ac*(P(B) 0000

ooo4.000000f: A—- BOOOOO*f:*A —-*BOOOOOOO ABC SOOOOO
AC*A BC*BUOUOUODO¢transfer principle 10 AODOO fO *f0000000000OOOCQCOOOxf
O fO00000000DOOOOO*0O00000 fOO0O0OOOODO0 relationr CAxB, A,BCS
oooooooooooooooDo *0oooooon 9



2.5 CONCURRENCE

000000000I0 FOOOUOOOOOUOOOOOUOOOOOO I1={0,1},F={1}y00000C
O FOultrafiter 000000 W =5SO000000000000000O00O0OO0ODOO0O00OO0O ---0000
0000000000000 000000000000 I0 FOOODOODOOO concurrence theorem [
0oooooo I0 FO0O0ODO0ODOO

Definition 2.5.1 O relation r O concurrent (in U)000r e U 0000000000 ay,---ag € dom(r)
gooooooo0bseUvdnng <asb>erfori=1,2---k 000000000

Theorem 2.5.2 (concurrence theorem) [
relation r O concurrent (in U)0 00000000 be* 0000000000 O0O0OOOOODO0O0O
FI0000m
< *a,b>¢€*r0 for all a € dom(r)

[proof] 00 I000O0O00OO functiona00O0O0O00OOO

e 00U O concurrent relation r 000000000000 functiond
e concurrent relation r D000 0a(r) 00dom(r) 0000000000000

000 a,8el00000a<A00
a(r) C B(r) for each concurrent relation r € U

y=aV 00O
yr)=a(r)Upr)00 (- 000 yel)
r, 0O
Iy ={B€ella<p}
goooobobooooodgo

Lemma 2.5.3 0 I', NT'g =Tavp

[proof] yeT,NTg « a<y, B<vy < Vra(r) Cy(r), B(r) Cy(r) & aVB <y « vyETl4p

Lemma 2.5.4 0 G={Ty|ac I} 00100 filter basis.

[proof] filter basis 0 000 000000(1)00000 GOOT,0000000 «0000000000
GODO000D0000000 (2)000 concurrent relation r D000 0 Dag(r) =¢ 000000000
GOO0000 a00000000000000000 G#¢ (3,3 €GO0000Lemma 2.5.3
0000, NTs=Tays €GO (Lemma 254000000)

Corollary 2.1.6 D OO GOOO 7100 ultrafilter FOOOODODOOOOOOODOFOOOOOOOO

ooooooooooog
Lemma 2.5.5 0 FO I00 ultrafilter 000 € I0000 I', € FO

ooooooooo
0 00 Concurrent relation r e U 0000000000 re S, 0000f: I -U00ael0D00O0O0O
oooo f,00000000D0D0DDODODOOO

<a fo>r 0Ox(r) 00000 «00OO0O0OOOOOO

ODO000DO0000OO0DOOConcurrent relation 00000 0MOODOO o€ I000OO0OS, O transitivity
0o0Df, €S50000 fecZO00000000D0000b=fe* 0000000000 Lemma OO

good 10



Lemma 2.5.6 0 O acdom(r)00000{a|<a,fy >er}e FOOUOOOO<a,fy >€rael

[proof] felD0BX)={a}(X=r000)WHX Ar000)00000000OO0
a€ly — f<a—Br)Calr) = acalr) »><a,fo>€r — a€{d|<a,fo >€r}

0000l C{al<a,fo>er} e FOOOOLemma 25500 I'ge FOOOOfiter 000000000
{a|<a,fo >er}e FOOOUOOLemma 256 0000000
00 Lemma O Los’ theorem O O 0O concurrence theorem 000000 OOO0O0O0O0OOO

000 concurrence theorem 0000000 FIO0000000ODOODOODODODOOO Concurrence
theorem 000000000000 0OD0OOO0OOONCSOOOOOOO Theorem2.4700 NC*NO
00000000 relationO0 00000

L={<z,y>|lzeNyeNuz<y}

[0] 000 concurrent 000000000

000 concurrence theorem 00000 be* U 000000000 aeNOOODO <*a,b>e*L 00
00000000 LCNxNOOOOOOODOoDOoOOoO *LC*Nx*NOOOODObe*NOODOOOO b
O00NOOOOODOOO*»=b0000* E<*a,*b>€*L 0 transfer principle 000000000 a
0000 e< 0000000000000 O0O0ODO0O0O0O0O0O00O0MOOObDe*N-NOOODOODO
0 O Nonstandard individual )

240000000000000z,ye* NODOOOO<z,y>e*L000 z<y00000DOOOO0O
O0be*N-NOOOOO eeNOOOOe<bOOOOOOOOOOOOOOODOODOODODOD <O
*NOOOOOOOUOoOOoOoOooooOoooooooUoooooooo((@moooooNOODo <0o0ooo
0000 formulae 00000 transfer principle 000 0000000000000 0OODNO)

u

000000000000 0O¢transfer principle 0000000000000 O0OOO0OOOOO
000000000000U000o000 (Doo0o0oUoO0O000UO0)0D0o00DU0oO0OODOooOoOoUOo
gogoobooooboooobooobboooooobooboobooob bbb ooob b O
goooobobobodoooooobobbtodooobb bbb bbboooggog
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